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lations of elastic scattering cross sections for some permeant ions crossing the
human red blood cell and resting axolemma squid axon membranes have been carried out using the three-
dimensional spherically symmetric square potential well. Making the assumption that the permeability
coefficient is inversely proportional to scattering cross section, we obtain the order of membrane selectivity
for the ions as well as values for the permeability coefficients. Despite the relatively simple method used,
good agreement between calculated permeability coefficients and data available in the literature is obtained.
We suggest that elastic scattering cross section measurements for ions in various membranes would be
valuable not only because they give a precise idea about the permeability ratios between ions but they also
determine the form of the potential the ions are moving in.

© 2008 Elsevier B.V. All rights reserved.
1. Introduction

In a preceding paper [1], the one-dimensional (1D) finite square
potential well was used to calculate the transmission coefficients
Tcalc for some permeant neutral molecules crossing the human red
blood cell (HRBC) and the resting axolemma squid axon mem-
branes. Good agreement between Tcalc and the experimental values
Texp was obtained. In the present work, the simplest three-dimen-
sional (3D) spherically symmetric square potential well has been
used for calculating elastic scattering cross sections σ and perme-
ability coefficients P of permeant monovalent ions crossing these
membranes. The ions treated here are HCO3

−, Li+, Cs+, Cl−, NH4
+, K+,

Na+ and Rb+ for the HRBC. For the resting axolemma squid axon, K+,
Rb+, Cl−, Na+ and NH4

+ ions are considered. Due to the relatively sim-
ple approach used, the calculations of P for these ions can be consid-
ered in excellent agreement with the data available in the literature
[2–13].

In contrast to classical physics, a distinctive feature of quantum
mechanics (QM) is the existence of discrete bound states. They appear
whenever a particle moves in a potential lower than its surroundings.
This potential serves to attract particles [14] and hence properties
such as transmission T, reflection (1−T), σ, and P have a physical
omoss).
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meaning and it should be possible to measure them. For instance, if
one could measure σ for ions crossing various membranes, it should
be possible to determine the potential these ions are moving in. This
way a new line of research would be opened.

2. Calculations

2.1. The 3D spherically symmetric potential well

The Schrödinger equation describing the motion of a particle of
mass m and energy E in a potential V which is a function of radius
r can be solved exactly or approximately in terms of a spherically
symmetric potential of various shapes. An example of one such
potential is given in Fig. 1 with a finite depth V(r)=−V0 for rba, and
V(r)=0 for r≥a, where V0 is positive, has been treated in many
books [14–26]. A brief description of the analysis used in the pres-
ent work is given in Appendix A. There, Eqs. (A.2) and (A.3) show
that the calculations depend on m, the depth of the potential V0

and r=a, which is taken as the thickness of the membrane, and
the angular momentum quantum number ℓ. For the time being we
will be interested in the case ℓ=0 with the scattering center at the
origin.

2.2. Bound states

Matching the two solutions (A.4) and (A.5) of the Schrödinger
equation (cf. Appendix A) and their first derivatives at r=a, one gets
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Fig. 1. Representation of the spherically symmetric square well potential of depth V0

and radius a.

Table 1
Values of |E|, δ0, σ0, Pcalc and Pref for the ions HCO3

−, Li+, Cs+, Cl−, NH4
+, K+, Na+ and Rb+

with V0=−14.06 mV and a=5 nm in the human red blood cell membrane

Ion |E|(mV) δ0 σ0 (m2) Pcalc (m/s) Pref (m/s)

HCO3
− 7.762 148.538 1.511×10−22 1.630×10−11

Li+ 11.227 156.804 5.230×10−22 4.710×10−12

Cs+ 2.197 124.381 6.126×10−22 4.021×10−12

Cl− 3.753 125.725 1.301×10−21 1.893×10−12

NH4
+ 3.406 145.775 1.352×10−21 1.822×10−12

K+ 4.607 94.592 1.449×10−21 1.7×10−12 1.7×10−12[2]
Na+ 5.391 158.173 1.579×10−21 1.560×10−12 1.1×10−12[3]
Rb+ 0.437 134.582 2.959×10−21 0.832×10−12
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Eq. (1) that determines the eigenvalues |E| of the bound states inside
the well for ℓ=0:

cot aa ¼ �b=a ð1Þ

where

a2 ¼ 2m V0 � jEjð Þ=ℏ2 and b2 ¼ 2mjEj=ℏ2: ð2Þ

Eq. (1) is the same as that obtained for the odd parity of Eq. (8) for
the 1D finite square potential well model of width 2a calculated in [1].
Eq. (1) (this work) as well as Eq. (8) in [1] have been solved graphically
by different authors [20−22]. Instead of approximate graphical so-
lutions, we have solved these equations numerically such that the
difference between the left- and right-hand sides is less than 10−7. As a
matter of fact, for the case ℓ=0, the 1D and 3D square potential wells
are almost identical except that in the former the domain x is −∞ to +∞
in place of 0brb+∞ and that the wave function R0 is replaced by χ(r)=
R0(r) / r. It is worth mentioning that in the 1D potential well one
calculates the transmission coefficients T that vary between 0.0 and
1.0 [1], while the scattering cross sections are obtained with the 3D
potential well used in this paper.

2.3. Phase shifts δ0 and the elastic scattering cross section σ0 for ℓ=0

As in Section 2.2., taking ℓ=0 with E=− |E| and matching the two
solutions of the Schrödinger equation and their first derivatives be-
tween the regions I and II of Fig. 1 at r=a, the phase shifts δ0 are given
by the expression:

tan d0 ¼ k=jð Þ tan jað Þ � tan kað Þ½ �= 1þ k=jð Þ tan kað Þ tan jað Þ½ � ð3Þ

where

j2 ¼ 2m V0 þ Eð Þ=ℏ2 and k2 ¼ 2mE=ℏ2: ð4Þ

Eq. (3) is a multivalued function for which we will consider
only the case π/2bδ0bπ, where there is at least one s (ℓ=0) bound
state [14,19,23].The partial scattering cross section for ℓ=0 is given
by:

r0 ¼ 4pk�2 sin2d0: ð5Þ
More generally, the cross section σℓ is given by:

rS ¼ 4p 2S þ 1ð Þk�2
S sin2dS : ð6Þ

Then the total cross section can be written as:

rtot ¼ 4p
X
S ¼0

2S þ 1ð Þk�2
S sin2dS : ð7Þ

Since 1947 much work has been done on the inverse problem of the
determinationof the scattering potential from reflection coefficients and
from phase shifts δ forℓ=0 or otherℓ values [27–33]. However, there is
a question of how much a small change in the scattering potential V0
changes E andσ0. An answer for the HRBCmembrane is given in Table 2
of Section 3.1. showing that for K+ an infinitesimal change of V0 indeed
produces a change in |E| and δ0, and consequently σ0 changes.

2.4. Permeability coefficient P

In Eqs. (3) and (1) in [1], the Tand (1−T) coefficients are given by the
transmission and reflection amplitudes |A/D|2 and |F/D|2. In the 3D case
it has been shown that the differential elastic scattering cross section is
related directly to the scattering amplitude [19], i.e. (1−T) and to the
phase shifts. This means that as σ0 increases, (1−T) also increases
and therefore P decreases. We can then conclude that P is inversely
proportional to σ0. In other words, the product Pσ0=constant, which
as we shall see, seems to be a plausible assumption. Thus having cal-
culated σ0 for different ions and knowing P for one specific ion from
the literature, we can determine P for any other ion. In addition, one
can expect from the calculations of P in the 3D case and T in the 1D case
that the change of P for different ions in various membranes occurs in
the same direction as that of T for the corresponding ions in the same
membranes, which agreeswith [34]. Some of these calculationswill be
given in Section 3.1. It has to be mentioned that throughout this paper
we have used the notation σ to represent the scattering cross section
and not the reflection coefficient as is usually the case in the literature.

3. Results and discussion

3.1. Human red blood cell membrane

For this membrane the values of V0=−14.06 mV and a=5 nm are
the values that give the best agreement of σ0 and P with the available
experimental data. Taking the value of PK+=1.7×10−12 m/s from [2] as
reference and applying the simple relation as explained in Section 2.4.,
i.e.,

PXþ=PKþ ¼ r0Kþ=r0Xþ ð8Þ

where PX+ is the permeability of the ion X+ to be determined. In this
way values of P for the different ions can be obtained. In Table 1 the



Table 3
Calculated |E|, δ0, σ0, Pcalc, Pref and Pcalc/Pref for some permeant ions crossing the
axolemma squid axon membrane with V0=−60 mV and a=8 nm

Ion |E|(mV) δ0 σ0 (m2) Pcalc (m/s) Pref (m/s) Pcalc/Pref

K+ 2.580 173.038 0.383×10−22 1.8×10−8 1.8×10−8 [9] 1
Rb+ 2.430 157.517 1.849×10−22 3.724×10−9 0.207
Cl− 4.860 157.509 2.231×10−22 3.088×10−9 0.172
Na+ 8.093 156.192 2.300×10−22 2.994×10−9 0.166
NH4

+ 5.929 105.735 2.275×10−21 3.028×10−10 0.017
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calculated values of |E|, δ0, σ0, Pcalc and Pref are given in decreasing
order of P for the permeant ions HCO3

−, Li+, Cs+, Cl−, NH4
+, K+, Na+ and

Rb+. Table 1 shows that there is an excellent agreement between the
calculated and experimentally obtained values of P. For instance, in [3]
the PK+ is estimated to be of the order of 10−12 m/s and the maximum
value of PNa+ is 1.1×10−12 m/s. One should notice that PHCO3− is at least
one order of magnitude greater than PK+ or PNa+. Furthermore, PNa+ is
smaller than PK+ or PCl−. More generally, the membrane selectivity for
the ions considered here can be given as:

HCO�
3 NLi

þNCsþNCl�NNHþ
4 NK

þNNaþNRbþ: ð9Þ

Finally, the permeability obtained in the 3D model (Table 1) for
HCO3

−, K+ and Na+ decreases in order like T for the corresponding ions
calculated in the 1D model of [1], which are 0.987, 0.498 and 0.413,
respectively, with V0=−14 mV, and a=5 nm. This confirms what was
stated in Section 2.4. The values of Table 1 are self-consistent, that
means, knowing the calculated values of σ0 and taking the perme-
ability of any ion among those in Table 1 as reference, one can get P
for the other ions by using Eq. (8). Calculations are also carried out
for V0=−10, −14, −14.05 and −14.06 mV with a=5 nm. In Table 2 the
values of V0, |E|, δ0 and σ0 for these different values of V0 are given for
K+. This table shows that a small decrease in the absolute value of V0

leads to a decrease in |E|, an increase in δ0 and consequently a change
in σ0. The values for σ0 in Table 2, which differ from σ0=1.449×10−21

m2 obtained for K+ with V0=−14.06 mV and a=5 nm, fit less well with
the values given in the literature as has been mentioned in Section 3.1.

It should be mentioned again that the calculated HRBC mem-
brane permeability for different ions (Table 1) is based on the
experimentally obtained permeability for K+ under conditions where
nearly all known specific ion transport pathways involving K+ are
inhibited or silent. The only still active specific ion transport pathway
for K+ is the K+(Na+)/H+ exchanger [2]. Therefore, the calculated
permeability coefficients reflect values closely related to the ground
state HRBC membrane permeability for these ions. The experimen-
tally estimated HRBC membrane permeability for Cl− and other
monovalent anions is several orders of magnitude higher because of
the fast permeability of these ions via the anion exchanger (band 3
protein). The anion exchange and net permeability of the HRBC
membrane is of the order of 10−5 m/s and 10−9 m/s, respectively.
Therefore the values of the calculated anion permeabilities (this
paper) cannot be compared with these high permeability
coefficients.

3.2. Resting axolemma squid axon membrane

The experiments of Steinbach [7] and Steinbach and Spiegelman
[8] suggested that the squid axon is permeable to Cl−, Na+ and K+. In
[9,10] the non-excised resting membrane is assumed to be permeable
to K+ and possibly Cl− ions, but is only poorly permeable to Na+. Data
obtained indicate that PCl− is larger than PNa+ [9–12]. However, while
the permeability of Na+ is smaller than that of K+, it is not negligible
[10]. The ratio PNa+/PK+, as determined by different investigators,
ranges between 0.04 and 0.10 [10–13] and the ratios K+/Na+/Cl− given
Table 2
Variation of |E|, δ0 and σ0 for an infinitesimal change in V0 with a=5 nm for K+ crossing
the human red blood cell membrane

−V0 (mV) |E|(mV) δ0 σ0 (m2)

10 1.007 142.174 2.508×10−21

14 4.551 95.502 1.315×10−21

14.05 4.597 94.737 1.479×10−21

14.06 4.607 94.592 1.449×10−21
by others are 1/0.04/0.45 [9]. In this case, taking the only available
value PK+=1.8×10−8 m/s [9], PNa+ would be in the range of 0.72×10−9

to 1.8×10−9 m/s and for the same permeability ratios 1/0.04/0.45, the
PCl−=8.1×10−9 m/s. In the present paper, values of V0=−60 mV and
a=8 nm are used for the calculations of σ0 and P. Taking as refer-
ence PK+=1.8×10−8 m/s [9] and following the same procedure as in
Section 3.1., one gets the calculated values of σ0 and P for the ions K+,
Rb+, Cl−, Na+ and NH4

+ presented in Table 3, in decreasing order of P.
This table indicates that the membrane selectivity for the ions con-
sidered can be given as:

KþNRbþNCl−NNaþNNHþ
4 ð10Þ

which agrees with most of the references given above for this mem-
brane. The calculated permeabilities also agree with literature data,
although a better agreement could be obtained by varying V0 and a
as mentioned in Section 3.1.

4. Conclusion

The inequalities (9) and (10) show that the membrane selectivity
for the same ions differs from one membrane to another. For example,
the selectivity for K+ is greater than for Cl− in the resting axolemma
squid membrane, whereas it is the inverse in the HRBC membrane.
Eq. (8) shows that the relative permeability is equivalent to the inverse
of the relative elastic scattering cross sections. In this case, the in-
equalities (9) and (10) can also be obtained from calculated values
of σ0. The good agreement between our calculated results and the
data available in the literature is in favor of the plausible assump-
tion of Eq. (8). Finally, carrying out measurements of the cross sec-
tions, applying the simple treatment developed in this paper and
taking into account the phase shifts that correspond to ℓ=1 and 2,
more valuable information for ions in various membranes could be
obtained.
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Appendix A

It is impossible to obtain 3D analytical solutions of the Schrödinger
equation for a spherically symmetric potential unless it can be sepa-
rated into total differential equations in each of the three space coor-
dinates (r, Θ, Φ). When separable, the wave function Ψ(r, Θ, Φ) can be
written:

w r;H;Uð Þ ¼ R0 rð ÞY H;Uð Þ=r ðA:1Þ

where χ=R0(r)/r is the radial wave function solution for the particle
moving in the attractive scattering potential V(r), which falls off more
rapidly than r−2 for large r. This restriction rules out scattering by the
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Coulomb potential [23]. The radial Schrödinger equation for the two
regions I and II of Fig. 1 can be written in the following forms:

d2v=dr2
� �þ a2 � S S þ 1ð Þ=r2� �

v rð Þ ¼ 0 for rba ðA:2Þ

d2v=dr2
� �� b2 þ S S þ 1ð Þ=r2

h i
v rð Þ ¼ 0 for rza A:3Þ

where α2 and β2 are given in Eq. (2) of the text. The solutions of
Eqs. (A.2) and (A.3) for ℓ=0 are:

v rð Þ ¼ A sin ar for rba ðA:4Þ

v rð Þ ¼ Be�br for rza: ðA:5Þ

The boundary conditions at r=a, where Eqs. (A.4) and (A.5) and
their first derivatives have to match, give Eq. (1) of the text that
determines the eigenvalues |E| of the bound states inside of the po-
tential well for ℓ=0.

Appendix B

With E=− |E| and ℓ=0, the solutions of Eqs. (A.2) and (A.3) are
given by:

v rð Þ ¼ C sin jrð Þ for rba ðB:1Þ

v rð Þ ¼ D sin kr þ d0ð Þ for rza ðB:2Þ

where κ2 and k2 are given by Eq. (4) of Section 2.3 of the text and δ0 is
the phase shift for ℓ=0. The boundary conditions of Eqs. (B.1) and
(B.2) at r=a determine δ0, reported by different authors [14, 22], by
the expression:

d0 ¼ tan�1 k=jð Þ tan jað Þ � ka: ðB:3Þ

Eq. (B.3) can also be written in the form of Eq. (3) of Section 2.3. of
the text. Both Eqs. (B.3) and (3) are multivalued functions.
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